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ABSTRACT
This paper proposes a price-based online mechanism for real-time

demand-side flexibility management in smart grids. The major

contribution of this paper is the design of a novel pricing function,

based onwhich the price-based onlinemechanism achieves a tighter

competitive ratio than previous work [3].

1 INTRODUCTION
Successful implementation of demand-side management programs

necessitates a necessary collective behavior of power consumers

with load flexibility. However, flexibility is a private resource owned

by self-interested consumers (e.g, electric vehicle owners). More-

over, flexible loads are heterogeneous and can be controlled in multi-

ple dimensions such as duration, rate/power and total amount/energy,

etc. Therefore, without an appropriate pricing and mechanism de-
sign, consumers may not be well-incentivized to behave in a desired

manner, leading to a poor system-wide performance.

In this paper, we propose a price-based online mechanism for

real-time demand-side flexibility management. The major contribu-

tion of this paper is the design of a pricing function, based on which

the price-based online mechanism achieves a bounded competitive

ratio and improves the design in [3]. Meanwhile, our proposed

mechanism is capable of eliciting multidimensional flexibility (in-

cluding power-, energy-, and duration-flexibility) from consumers,

and thus contributes to an efficient framework for real-time demand-

side flexibility management in smart grids.

2 PROBLEM FORMULATION
We consider a group of agents I = {1, · · · , I } with one flexibility

aggregator over a slotted time horizon T = {1, 2, . . . ,T }. Suppose
each agent i ∈ I reports its consumption preference as a bid to

the flexibility aggregator. We are interested in a dynamic scenario

when agents arrive sequentially and there is no predictability in

the sequence of agent arrivals, i.e., arbitrary arrivals. In such online

settings, agents are sorted based on their reporting times (ties are

broken arbitrarily). Once a new agent reports its bid, the mecha-

nism needs to immediately perform the decision-making, including

whether to accept this agent or not (i.e., bid selection), if yes then

determines an irrevocable power schedule as well as the payment.
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The resulting allocation rule along with the payment rule constitutes
an online mechanism [2].

The bid of agent i is described by θi = (ti ,ai ,di , ri , ei ,vi ), where
ti is the reporting time, ai and di denote the arrival and departure
times, ri denotes themaximum consumption rate, and ei denotes the
energy demand. We usevi to denote themonetary valuation of agent

i for the bid, i.e., the maximum money agent i is willing to pay for

receiving ei units of energy during interval Ti ≜ {ai ,ai +1, . . . ,di }.
Note that ti ≤ ai < di ,∀i ∈ I. In particular, when ti < ai , our
bidding language captures cases with advance reservations. Our

model allows such advance reservations, and thus is more general.

We assume that the per-unit-energy valuation (unit: $/kWh) of each

agent is upper bounded by q, namely, vi/ei ≤ q,∀i ∈ I, where

q can be interpreted as the maximum average bidding price. This

assumption states that all the agents are rational and will not submit

bids with exceptionally-high valuations.

Let us denote the status of bid θi by binary variable yi ∈ {0, 1}.

Specifically, yi = 1 denotes θi is accepted and yi = 0 otherwise.

Note that we allow those rejected agents to submit a modified bid

at a later time as new arrivals. Each bid θi is associated with a can-

didate power schedule, denoted as xi ≜ {xti }∀t ∈Ti . According to

the definitions of ri and ei , the power schedule xi can be any vector

in Xi defined as Xi ≜
{
xi |

∑
t ∈Ti x

t
i = eiyi ,x

t
i ∈ [0, ri ],∀t ∈ Ti

}
,

where the first linear equality ensures ei units of energy are allo-

cated to agent i , and the second term comes from the definition of

the maximum consumption rate.

We quantify the utility of agent i by a quasi-linear utility func-

tion Ui = viyi − πi , where πi represents the payment charged by

the aggregator. After processing all the agents, the utility of the

aggregator is given by Ua =
∑
i ∈I πi −

∑
t ∈T ft (w

t
b +

∑
i ∈I xti ),

where wt
b denotes the base load without flexibility, and ft (·) de-

notes the cost function of power supply for the aggregator and is

assumed to take the following quadratic form

ft (ω) =

{
ρ2ω

2 + ρ1ω + ρ0 if 0 ≤ ω ≤ wt
c ,

+∞ if ω > wt
c ,

(1)

wherewt
c denotes the capacity limit at t , and ρ2, ρ1 and ρ0 are given

parameters. Meanwhile, we also assume that the base load wt
b is

known by the aggregator beforehand.

(Offline Problem) Summing over the utilities of all the agents

and the flexibility aggregator leads to the social welfare of the whole

system. Therefore, the offline social welfare maximization problem

can be described as follows:

max

∑
i ∈I

viyi −
∑
t ∈T

ft

(
wt
b +

∑
i ∈I

xti

)
(2a)

s .t . xi ∈ Xi ,yi ∈ {0, 1},∀i ∈ I, (2b)

variables: x = {xi }∀i ,y = {yi }∀i . (2c)
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Let SWopt denote the optimal objective value of the offline Prob-

lem (2), and let SWalg denote the social welfare achieved by an

online algorithm/mechanism alg. The online mechanism alg is α-
competitive if there exists a constant α such that SWalg ≥ 1

α SWopt

holds for all possible arrival instances.

3 ONLINE MECHANISM DESIGN
We propose PriMe in Algorithm 1, a price-based online mechanism

based on the online primal-dual approach [1]. At each round when

there is a new arrival of agent i ∈ I, the aggregator will decide

whether to accept its bid or not. If the bid of agent i is accepted, the
aggregator will then determine the corresponding power schedule

xi and the payment πi . The same process will repeat upon the

arrival of agent i + 1.
(Design Principle) Let us denote the total power consumption

bywt
i after processing agent i . For notational convenience, let us

definewt
0
≜ wt

b , wherew
t
0
denotes the total power consumption be-

fore accepting the first agent. Therefore, we havewt
i = w

t
i−1 +x

t
i yi .

Intuitively, we havewt
i = w

t
i−1 if agent i is rejected, namely yi = 0.

Let us denote the marginal power price after processing agent i by
λti , and suppose we have a pricing function ϕt (ω), which updates

the marginal power price λti based on the incumbent power con-

sumptionwt
i , namely, λti = ϕt (w

t
i ). Following the above definition,

the initial marginal power price, namely the price before accepting

the first agent, is given by λt
0
= ϕt (w

t
0
) = ϕt (w

t
b ). Suppose we

can design such a pricing function ϕt that depends on the current
total power consumption, then the entire decision-making processes
of PriMe rely on causal information only, which thus facilitates an
online implementation.

(Pricing Function) Based on the above principle, we present

our design of ϕt (ω) as a two-segment function as follows:

ϕt (ω) =


4ρ2(ω −wt

b ) + p
t
b , if ω ∈ [wt

b ,w
t
thr

),

mt exp
(

αtω
w t
c−w t

b

)
+ f ′t (ω) +

ptc−p
t
b

αt , if ω ∈ [wt
thr
,wt

c ],

where wt
thr
= (wt

c + wt
b )/2, p

t
b = f ′t (w

t
b ), and ptc = f ′t (w

t
c ). As

shown in Fig. 1,wt
thr

denotes the threshold such that ϕt (w
t
thr

) = ptc .

Meanwhile, ϕt (w
t
c ) = q always holds. Therefore, the two unknown

parameters in ϕt (ω), namely,mt and αt , can be obtained by solving

the following system of two equations:
mt exp

( αtw t
thr

w t
c−w t

b

)
+

ptc−p
t
b

αt = ptc − f ′t (w
t
thr

),

mt exp
( αtw t

c
w t
c−w t

b

)
+

ptc−p
t
b

αt = q − ptc .
(3)

(Competitive Ratio) PriMe achieves a tighter competitive ratio

than [3]. The details are summarized in the following theorem.

Theorem 3.1. Let us define qt
thr
≜ ptc +

exp(2)+1
4

(ptc −p
t
b ),∀t ∈ T ,

and further define Ts as a subset of T such that qt
thr
< q,∀t ∈ Ts ,

then the competitive ratio of PriMe is given as follows:
• If Ts = ∅, i.e., qt

thr
≥ q,∀t ∈ T , PriMe is 4-competitive.

• IfTs , ∅, i.e.,qt
thr
< q,∃t ∈ T , PriMe ismaxt ∈Ts {αt }-competitive,

where αt > 4 is the unique solution to the following equation:
αt ξt − 2

αt − 2

= exp

(αt
2

)
,∀t ∈ Ts , (4)

where ξt ≜
2(q−ptc )
ptc−ptb

and ξt >
exp(2)+1

4
≈ 2.097.
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Figure 1: Illustration of the proposed pricing function ϕt (ω)
and the marginal cost function f ′t (ω) = 2ρ2ω + ρ1. Note that
we implicitly assume that q is larger than ptc for all t ∈ T .

Algorithm 1: Pricing Mechanism (PriMe)

1: Initializewt
0
= wt

b , λ
t
0
= ϕt (w

t
0
),∀t .

2: while a new agent i reports do
3: Collect the bid θi from agent i;
4: Calculate the candidate {xti,∗}∀t ∈Ti for agent i based on

min

∑
t=Ti

xti λ
t
i−1 (5a)

s .t .
∑

t=Ti
xti ≥ ei , (µi ) (5b)

0 ≤ xti ≤ ri ,∀t ∈ Ti , (5c)

5: Set the marginal energy price µi by

µi = max

t ∈Ti ,x ti >0
λti−1.

6: Determine the utility of agent i by

Ui = vi − µiei .

7: if Ui < 0 then
8: Reject agent i (i.e., set yi = 0).

9: else
10: Accept agent i (i.e., set yi = 1).

11: Determine the power schedule as {xti,∗}∀t ∈Ti .
12: Determine the payment as πi = µiei .
13: Update the total load:wt

i = w
t
i−1 + x

t
i,∗,∀t .

14: Update the marginal power price: λti = ϕt (w
t
i ),∀t .

15: end if
16: end while

4 CONCLUSION
In this paper, we proposed PriMe, a price-based online mecha-

nism for real-time demand-side flexibility management in smart

grids. PriMe is capable of eliciting multidimensional flexibility from

power consumers, and achieves a tighter competitive ratio than the

existing work [3].
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